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ANALYSIS OF THE FLOW ABOUT DELTA WINGS WITH 
LEADING EDGE SEPARATION AT SUPERSONIC SPEEDS 
By Joseph P. Nenni and Chee Tung 
Calspan Corporation 
A research program was conducted t o  develop an improved theo re t i ca l  f lov  
model f o r  t he  flow about sharp edge d e l t a  wings with leading-edge separat ion 
a t  supersonic speeds. The flow model incorporates  a representat ion of the 
secondary separat ion region which occurs jus t  inboard of t h e  leading edge on 
such wings and is based on a slender-wing theory whereby the fill1 three-  
dimensional problem i s  reduced t o  a quasi two-dimensional prol~lem i n  the  
cross-flow plane. 
The secondary separat ion region was modeled by a surface d i s t r i bu t ion  
of s i n g u l a r i t i e s  o r  a l inear ized  type of  cavi ty representat ion.  The primary 
vortex and separat ion were modeled by a concentrated vortex and cilt i n  t h e  
cross-flow potent ia l  which represents  i t s  feeding sheet ( i n  t h e  sense of 
Brown and flichael). The formulation is made determinate by requir ing t h a t  
the stream l i n e s  i n  t he  cavi ty region be conical rays,  by imposing a cavi ty  
closure condition, by applying a Kutta condition a t  t he  wing leading edge, 
m d  by requir ing t h a t  t h e  primary vortex and i t s  feeding sheet  be force f ree .  
The flow model reduces t o  t h a t  of Brown and Nichael i n  the  l i m i t  of' zero 
cavi ty width. 
The cross-flow so lu t ions  f o r  t he  cavi ty  model were obtained, but these  
solut ions have physical s ign i f icance  only i n  a very r e s t r i c t e d  range of 
angle of a t tack.  The reasons f o r  the  f a i l u r e  of the  flow model a r e  discussed. 
The ana lys is  is presented so t h a t  o ther  i n t e re s t ed  researchers  may c r i t i c a l l y  
review the  work. 
The second order  cor rec t ions  t o  slender-wing theory f o r  t h i s  flow model, 
f o r  nonslenderness and compressibil i t v ,  have been formally derived using 
matched asymptotic expansions. 1n the  l i m i t  of zero cavi ty  width, these  r e -  
s u l t s  reduce t o  t h e  second-order-theory previously obtained hy t h e  authors 
using the  Brown and Michael cross-flow model. Jn t h i s  case ce r t a in  improve- 
ments have been implemented i n  t h e  method of obtaining the  sur face  pressure  
d i s t r i bu t ions  from the  ve loc i ty  po ten t i a l .  The agreement between theory and 
experiment is  thereby improved over a l imited Mach number range. 
I I. INTRODUCTION 
The flow f i e l d  about low aspect r a t i o  o r  s lender  wings t h a t  exhib i t  
leading-edge separat ion has been of concern t o  designers of high-speed 
a i r c r a f t  and l i f t i n g  reent ry  vehicles  f o r  some time. The unique fea tures  
of such flow f i e l d s  a r e  the  s p i r a l  sheets  of v o r t i c i t y  t h a t  emanate from 
highly swept leading edges and dominate the  flow f i e l d  on the  l e e  s ide  of 
the  wing o r  vehicle.  This separat ion produces a nonlinear aerodynamic 
behavior of t he  wing as  angle of  a t tack  i s  varied. 
Although the main fea tures  of these flow f i e l d s  have heen recognized 
fox almost twenty years,  no completely s a t i s f a c t o r y  theo re t i ca l  analysis  
has been developed. Polhamus (Reference 1) has developed an accurate ana- 
l y t i c a l  method u t i l i z i n g  an i n t u i t i v e  leading-edge suct ion analogy f o r  
estimating overa l l  forces  on s lender  wings. However methods t o  predict  
de ta i led  flow quan t i t i e s  such a s  surface pressures  and loadings a re  needed. 
Moreover, a fu r the r  understanding of such vortex flows would a id  in  t he  
design of  optimum wings f o r  supersonic f l i g h t  and open up the  p o s s i b i l i t i e s  
f o r  control  of the  flow over such wings. 
The problem i s  fundamental ly  non-linear through the  boundary conditions 
because the locat ion of the s p i r a l  vortex shee ts  i s  unknown a p r i o r i .  However, 
f o r  compressible flow the  exact equations of motion a r e  a l so  non-linear.  
Existing analyses f o r  t he  de t a i l ed  flow quan t i t i e s  have used slender-wing 
theory whereby the  problem i s  raduced t o  a quasi  two-dimensional incompressible 
problem i n  the cross-flow plane. The nonl inear i ty  i n  the boundary conditions 
may then be handled by the use of complex variable  theory i n  the  cross-flow 
plane. The most notable  e f f o r t s  i n  t h i s  vein were made by Brown and Michael 
(Reference 2 ) ,  Mangler and Smith (Reference 3) ,  and Smith (Reference 4 ) .  These 
analyses d i f f e r  only i n  t he  representat ion of the  s p i r a l  sheet i n  t h e  cross- 
flow plane. Brown and Michael use a concentrated vortex connected t o  i ts  
corresponding leading edge by a cu t  i n  t h e  cross  flow ve loc i ty  poten t ia l .  
Mangler and Smith used a more r e a l i s t i c  s p i r a l  representat ion o f  the  vortex 
sheet terminated by a cut and concentrated vortex i n  t h e  core a rea  of t he  
s p i r a l  sheets .  Smith ref ined t h i s  representat ion s t i l l  fu r the r  by e s s e n t i a l l y  
considering more wraps of s p i r a l  sheet .  A re f ined  representat ion of the  core 
area has been considered by Mangler and Weber (Reference 5j. 
Comparison between theory and experiment shows t h a t  t h e  ex i s t i ng  s lendei-  
wing theor ies  grea t ly  overestimate the  forces  on low apsect r a t i o  wings. (For 
example, the s lender  wing r e s u l t  i s  high by almost a f ac to r  of two i n  t he  
moderate angle of a t tack  range.) The possible  reasons f o r  t h i s  discrepancy 
have been a t t r i bu ted  t o  an inadequate cross-flow model and t h e  neglect of  
higher order aspect r a t i o  and Mach number terms i n  the equations of  motion. 
A second order theory was developed by the  present authors,  i n  Reference 
6 ,  t o  account f o r  non-slenderness and compressibi l i ty  e f f ec t s .  The Brown and 
Michael cross-flow model was used f o r  ease of ana lys is  s ince   he gross pre- 
d ic t ions  of t h i s  model were s imi l a r  t o  those of  References 3 and 4. The 
consideration of these cor rec t ions  improved the  co r r e l a t ion  between 
theory and experiment, but did not remove a l l  discrepancies.  I t  was, however, 
c l e a r  from the  r e s u l t s  of Reference 6 t ; ~ a t ,  i n  terms of t o t a l  l i f t  on t h e  
wing, compressibi l i ty  and nonslenderness e f f e c t s  were more impo!-tant than 
refinements i n  the  representat ion of  the primary separat ion and vortex sheet .  
The e s sen t i a l  f a u l t  with e i t h e r  flow models of Reference 2 and 3 i s  t h a t  t he  
predicted vortex pos i t ions  a re  c lose  t o  t h e  wing surface,  which r e s u l t s  i n  
overprediction of t h e  upper surface suct ion pressures.  I t  may he concluded 
t h a t  a fundamental change in  t he  cross-flow model is  required t o  improve the  
predict ion of vortex locat ion and s t rength .  In sho r t ,  i t  was f e l t  t h a t  ne i the r  
cross-flow model incorporated a l l  of t h e  f ea tu re s  t h a t  may be physical ly  
s ign i f i can t  t o  the  flow f i e l d .  
The major f ea tu re s  o f  t he  cross-flow as  observed from f low-field and 
surface-flow s tud ie s  (see f o r  example, References 7 ,  8,  and 9)  a r e  shown 
sketched i n  Figure 1. The d e t a i l s  of t h e  secondary separat ion region have 
not been thoroughly explored. Tn some instances addi t iona l  flow separat ions 
and reattachments may be observed c lose  t o  t he  upper surface leading edge; 
however, fu r the r  categorizat ion of t h i s  flow region does not appear t o  be 
warranted a t  t h i s  time. A l l  of these major fea tures  except t h e  secondary 
separat ion region have been considered t o  some degree of approximation i n  t he  
previous ana lys is .  Hence, it was suspicioned t h a t  the secondary separat ion 
region must be modeled t o  resolve t h e  discrepancies  between theory and exre:-i- 
ment. Moreover, although the  secondary separat ion occurs only over a minor 
port ion of t he  wing span, it can have important e f f e c t s  upon the  manner i n  
which the  flow leaves t h e  wing sur face  and forms the  primary s p i r a l  vortex 
sheets .  
A r a t i o n a l ,  hut  unsuccessful,  attempt t o  include secondary separat ion 
i n  the  cross  flow model i s  described i n  t h i s  r epo r t .  The secondary separat ion 
was modeled by a surface d i s t r i b u t i o n  of  s i n g u l a r i t i e s  and t h e  primary sepa- 
r a t i on  i n  t he  Brown and Michael sense. In  e f f e c t  the separat ion is modeled 
as  a cavi ty  and in  t he  l imi t  of zero cavi ty  width the  flow model reduces t o  
t h a t  of Reference 2. Unfortunately t h e  mathematical so lu t ions  f o r  t h i s  flow 
model have physical s ign i f icance  only i n  a l imited angle of  a t tack  range near 
zero angle of a t tack .  The reasons f o r  t h e  f a i l u r e  of t h i s  model a r e  discrissed 
and the  r e s u l t s  a r e  presented t o  allow o the r  in te res ted  researchers  t o  review 
the  analysis  c r i t i c a l  ly .  
The cavi ty  flow model was formally incorporated i n t o  the  previously 
developed second-order theory and i n  t he  l i m i t  of zero cavi ty uidth t h i s  
theory reduces t o  the r e s u l t s  of Reference 6. 
In Reference 6 the  surface pressure d i s t r i bu t ions  were obtained from 
the  ve loc i ty  po ten t i a l  by using an approximate form of  the  i s en t rop ic  
pressure-velocity re la t ionship  obtained by s e r i e s  expansion. In unpublished 
ca lcu la t ions  t h i s  expression was found t o  give spurious r e s u l t s  a t  high 
Mach numbers. The s e r i e s  expansion employed was not v a l i d  f o r  high Mach 
numbers. This shortcoming of t he  previous theory has been p a r t i a l l y  overcome 
by using the  exact i s en t rop ic  pressure-veloci ty  re la t ionship  t o  ca lcu la te  
surface pressures  from the  ve loc i ty  po ten t i a l .  This can only be accomplished 
f o r  l imited M~ch number and angle of a t t ack  ranges because, a t  s u f f i c i e n t l y  
high Mach numbers and/or angles of a t t ack ,  t he  theory predic t s  surface 
ve loc i t i e s  which exceed vacuum conditions.  (This i s  a l so  a consequence of  
t he  v o r t i c i e s  being too  c lose  t o  t he  wing.) In t h i s  l imited range, however, 
t he  co r r e l a t ion  between theory and experiment i s  improved. This work i s  
described i n  Section IV of the  report .  
I .  LIST OF SYMBOLS 
- ratio of wing span to root chord 
- aspect ratio 
- cavity width in % plane 
- lift coefficient 
- normal force coefficient 
- pressure coefficient 
- pessurc coefficient at vacuum conditions 
- source strength in cavity region 
- portion of solution for 3 ,  
- normalized half span of wing (it is a function of x and is some- 
times written as her) to emphasize this dependency) 
- function defined in Equation.8 
- function defined by Equation 22 
- function defined by Equation 24 
- imaginary part of complex function 
- free-stream Mach number 
- real coordinate of vortex core in physical plane 
- line doublet strength for outer solution 
- imaginary coordinate of vortex core in physical plane 
- line source strength for outer solution 
- distance from 5 axis in S , q . c  space ( r = d q T  1 
- 
- 
- Reynolds number based on root chord 
- real part of imaginary function 
- strained outer variables 
- strained inner variables 
- nannalized cavity thickness 
- free stream velocity 
- complex potential for first inner solution 
- complex potential for second inner solution 
- Cartesian coordinates normalized by one-half 
the root chord 
- angle of attic.. 
- rn 
- normalized vortex strength (r/ h )  
- vortex strength 
- parameter defined in Equation 7 
- ratio of specific heats 
- angle of attack parameter ( s ~ n  a / ram A )  
- real coordinate of vortex in xplane 
- inboard edge of cavity in physical plane 
- straining of ;c coordinate 
- complex inner variable, t + iy 
- position of vortex i n r  plane 
- delta wing semi-apex angle 
- imaginary part of I 
- imaginary coordinate of vortex in 2 plane 
- velocity potential 
9 ,  - inner solution for velocity potential 
X - complex transformation of r plane 
2, - position of vortex in 5 plane 
Vt q - decomposition of 3 
and t h e  independent s p a t i a l  var iab les  may be s t r a ined  i n  t h e  typ ica l  P . L . K .  
fashion a s ( see  Reference 6) 
IV. OUTLINE OF MATltEMATICAL FORMULATION 
The general per turbat ion method presented in  Reference 6 f o r  determining 
the ve loc i ty  po ten t i a l  i s  employed again and w i l l  only be out l ined  b r i e f ly .  
The coordinate system used i s  shown i n  Figure 2. This system i s  a body 
ax is  system and the wing leading edge i s  given by h.c. = a h ( % ) .  The physical 
s p a t i a l  var iab les  a r e  normalized by one-half the  root chord such t h a t  t h e  wing 
apex i s  located a t  x = - f  and the  t r a i l i n g  edge a t  x =  +/ .  Then, f o r  a d e l t a  
wing, h = f  ( r + x )  . 
For i n f i n i t e l y  t h i n  wings t h e  ve loc i ty  po ten t i a l  i s  expanded as 
The s t r a in ing  i n  the ax i a l  d i rec t ion ,  c,, is determined by the  pr inc ip le  
t h a t  "the higher order  so lu t ions  s h a l l  be no more s ingular  than the  f i r s t  
order  solut ion,"  This expansion procedure decomposes the  o r ig ina l  :lonlinear 
problem i n t o  a sequence of  l i n e a r  poblems. The governing p a r t i a l  d i f f e r e n t i a l  
equations and boundary conditions on the  9,. a r e  given by Equations 7, 10, 
12,  and 15 i n  Reference 6. 
For wings of  small aspect r a t i o  the  (Vi a r e  determined by i.. i? method of 
matched asymptotic expansions, The small parameter used i s  a ,  t he  r a t i o  of 
wing span t o  root  chord. The ou te r  expansion f o r  IC; va l id  f a r  from the  wing 
and f o r  small a i s  of  the form 
where* I: : #,:(f,c~)and /:J is the  po ten t i a l  f o r  a l irie source d i s t r i b u t i o n  
andP,a is the  po ten t i a l  f o r  a l i n e  doublet d i s t r i bu t ion .  The doubler d i s t r i -  
bution is required f o r  l i f t i n g  flows and the  source d i s t r i b u t i o n  i s  required 
because the  cavi ty representat ion f o r  the  secondary separat ion region 
e f f ec t ive ly  gives the  wing thickness.  The appropriate  forms a r e  
where 
The source s t rength  a(&) and the  doublet s t rength  P'(s*) w i l l  be determined 
l a t e r  by the matching conditions between inner  and outer  so lu t ions .  The 
inner  problem i s  obtained by s t r e t ch ing  the  coordinates normal t o  t h e  wing 
t o  regain the  d e t a i l  l o s t  near the  wing. The inner  var iab les  a r e  
Y = ?/a 
I = t'/a 
Then t h e  inner  so lu t ion  va l id  near  the  wing f o r  small values of a i s  of t h e  
form 
The p a r t i a l  c i i f fe ren t ia l  eqrtations f o r  t he  hL a r e  given by Equations 26, 27, 
and 28 of Reference 6. The important point  t o  note i s  t h a t  these equations 
a r e  two dimensional i n  Y and Z with S appearing only a s  a parameter. The 
f i r s t  inner  so lu t ion  6: s a t i s f i e s  Laplace's equation i n  t he  plane t ransverse  
t o  t h e  wing and t h e  appropriate form of surface flow tangency. This f i r s t  
inner  so lu t ion  i s  t h e  standard ttcross-flow problem" of slender-wing theory 
and may be solved by conformal mapping techniques of complex var iab le  theory. 
The f i r s t  i n ~ e r  so lu t ion  may be expressed a s  
w h e r e r  i s  the  complex var iab le  f + i Y  and %,is re fe r r ed  t o  a s  t he  complex 
ve loc i ty  poten t ia l .  The G,&) term i s  required because of the  source-l ike 
behavior of the  cavi ty,  and it is determined by matching with an outer  
solut ion.  
A b r i e f  review of t he  experimental observation of the  cross-flow and the  
de t a i l ed  formulation o f  t ho  cross-flow model used i s  presented i n  t he  next 
sect ion.  
V. THE CROSS-FLOW MODEL 
Review of Experimental Observations of 
the  Cross Flow 
The t e n t a t i v e  concept of  the  ac tua l  cross-flow model f o r  s lender  wings i s  
shown i n  Figure 1, deduced la rge ly  from the  vapor screen s tud ie s  of References 
7 and 10, t he  smoke flow s tud ie s  of  References 8 and 11, and the  surface flow 
s tudies  of  References 13  and 14. [These references have been se lec ted  because 
of the  qua l i t y  of the  photographic material contained i n  them r a t h e r  than on 
c11rono;~gical o r d e r  o r  o r i g i n a l i t y . )  These flow f e a t u r e s  a r c  p resen t  
r e g a r d l e s s  of  t h e  Mach number a s  long a s  t h e  l ead ing  edge i s  su1)sonic. 
There a r e  some sys temat ic  d i f f e r e n c e s  ev iden t  i n  t h e  cross-f lor i  model a t  
subsonic  and superson ic  speeds,  The vapor screen s t u d i e s  of  llcference 8 
i n d i c a t e  t h a t  a t  superson ic  speeds t h e  v o r t e x  p a t t e r n  i s  spread over  a 
g r e a t e r  spanwise e x t e n t  o f  t h e  wing and l i e s  c l o s e r  t o  t h e  wing s u r f a c e  than 
a t  subsonic speeds.  Comparison of  s u r f a c e  p r e s s u r e  d i s t r i l ~ u t i o n s  (:is ljctween 
References 10 and 12) a l s o  confirms t h e  obse rva t ion  t h a t  t h e  vor tex  p a t t e r n  
i s  more d i f f u s e d  a t  supersonic  speeds.  
D e t a i l s  o f  t h e  secondary s e p a r a t i o n  region a r e  dependent upon R e ~ ~ n o l d s  
number. The spanwise flow e v i d e n t l y  s e p a r a t e s  because it cannot n e g o t i a t e  
t h e  p r e s s u r e  r i s e  hetween t h e  nega t ive  p r e s s u r e  peak (underneath t h e  vor tex  
core)  and t h e  l ead ing  edge. Avai lable  exper imenta l  d a t a  i n d i c a t e  t h a t  t h e  
primary Reynolds number e f f e c t  i s  through boundary l a y e r  t r a n c  it ion and i t s  
proximity t o  t h e  secondary s e p a r a t i o n  l i n e .  There i s  some e .u~,c , imenta l  
evidence which i n d i c a t e s  t h a t  f o r  t h e  h igher  a s p e c t - r a t i o s ,  rcnt t ; ichwmt 
occurs  between t h e  secondary s e p a r a t i o n  r e g i ~ n  and t h e  l ead ing  edge. 
An example o f  Reynolds number e f f e c t s  on t h e  s u r f a c e  p r e s s u r e  t i is tr i1)u- 
t i o n s  may be seen i n  Figure 3 which shows some subsonic  d a t a  from I<eference 11. 
As Reynolds number i n c r e a s e s ,  t h e  magnitude o f  t h e  upper s u r f a c e  p r e s s u r e  
peak i n c r e a s e s ,  and t h e  l a t e r a l  e x t e n t  of  t h e  vor tex  p a t t e r n  dec reases .  
Apparently, a f t e r  t h e  boundary l a y e r  a t  t h e  secondary s e p a r a t i o n  p i n t  be- 
comes f u l l y  t u r b u l e n t ,  t h e  Reynolds number dependence 1)ecomes very weak. 'I%e 
spanwise p r e s s u r e  d i s t r i b u t i o n s  a l s o  i n d i c a t e  t h a t  a t  t h e  lower Reynolds 
numbers t h e  secondary s e p a r a t i o n  region con ta ins  s e v e r a l  d i s c r e t e  l o n g i t u d i n a l  
v o r t i c e s  ( as  i n d i c a t e d  by t h e  v a r i a t i o n s  i n  p r e s s u r e )  while a t  h igher  Reynolds 
numbers t h e  secondary s e p a r a t i o n  i s  more l i k e  n c a v i t y  (as  i n d i c a t e d  1)y t h e  
uniformity  of  t h e  p r e s s u r e ) .  Although t h e  p r e s s u r e  d i s t r i b u t i o ~ s  a r c  mnrkcdl!. 
a f f e c t e d  by Reynolds number, t h e  normal f o r c e  and p i t c h i n g  moment a r e  
independent o f  Reynolds number. (The wing r o o t  bending moments which Imvc 
not  been measured, however, must be a f f e c t e d . )  
I t  must, however, be concluded t h a t  t h e  e x i s t e n c e  o f  any secondary 
s e p a r a t i o n  reg ion  i s  a s i g n i f i c a n t  f a c t o r  i n  t h e  observed d i f f e r e n c e s  betueen 
t h e o r e t i c a l  p r e d i c t e d  f o r c e s  and exper imenta l ly  determined f o r c e s .  Since  t h e  
t h e o r e t i c a l  va lues  a r e  h igher ,  t h e  foregoing d i s c u s s i o n  r ~ o u l d  i n d i c a t e  t h a t  
t h e  secondary s e p a r a t i o n  reg ion  o f  s l e n d e r  wings i s  an a r e a  where boundary 
l a y e r  c o n t r o l  dev ices  may be used t o  i n c r e a s e  t h e  l i f t  on such wings. Complete 
e l i m i n a t i o n  o f  t h e  secondary s e p a r a t i o n  reg ion  should move t h e  experimental  
r e s u l t s  c l o s e r  t o  t h e  t h e o r e t i c a l  r e s u l t s .  
The experimental  i n v e s t i g a t i o n s  o f  Reference 14 i n d i c a t e  t h a t  a t  t r a n s o n i c  
speeds t h e r e  a r e  s i m i l a r  e f f e c t s  of  Reynolds number x t h e  p r e s s u r e  d i s t r i b u -  
t i o n .  However, a t  t r a n s o n i c  speeds t h e  normal f o r c e  and p i t c h i n g  moments 
a r e  a l s o  dependent on Reynolds number. These r e s u l t s  c a s t  solne d o u l ~ t  as t o  
whether t h e  e x i s t i n g  superson ic  d a t a  a r e  f r e e  o f  Reynolds nwnbe; e f f e c t s .  
More experimental  work i s  needed i n  t h e  superson ic  speed regime t o  i n v e s t i g a t e  
Reynolds number e f f e c t s ,  Moreover, a d d i t i o n a l  d e t a i i e d  f l o \ i  f i e l d  and 
s u r f a c e  p r e s s u r e  measurements n e a r  t h e  l ~ a d i n g  edge a r e  needed t o  i n v e s t i g n t e  
t h e  c h a r a c t e r  o f  t h e  secondary s e p a r a t i o n  region.  
Mathematical Flow Model 
The secondary s e p a r a t i o n  reg ion  i s  p roper ly  modeled I)y a volume d i s t r i -  
bu t ion  of  s i n g u l a r i t i e s  over  t h e  s e p a r a t i o n  region.  Ilowevcr, s i n c e  t h i s  
r e p r e s e n t a t i o n  i s  mathematically i n t  ;.actable a t  p r e s e n t ,  a  s impler  rcpresen-  
t a t i o n  was sought.  Since  t h e  he igh t  o f  t h e  secondary s e p a r a t i o n  i s  small  
compared t o  t h e  o t h e r  wing o r  flow f i e l d  dimensions, it appeared permissible 
t o  c o l l a p s e  t h e  volume s i n g u l a r i t y  d i s t r i b u t i o n  t o  a s u r f a c e  s i n g u l a r i t y  
d i s t r i b u t i o n .  Indeed, inspec t ion  of  t h e  vapor screen s t u d i e s  o f  Ik fe rencc  7 
would suggest  t h a t  a t  low ang les  o f  a t t a c k  even t h e  primary s e p a r a t i o n  might 
a l s o  be modeled by a s u r f a c e  s i n g u l a r i t y  d i s t r i b u t i o n .  (This type  of  flow 
model was considered f u r t h e r  and w i l l  be d i scussed  l a t e r  i n  Appendix A . )  Such 
a flow model would then  be g e n e r i c a l l y  r e l a t e d  t o  t h a t  used i n  llefcrence 15 
t o  analyze  t h e  flow over  a p a r t i a l l y  c a v i t a t e d ,  low-aspec t - ra t io  h y d r o f o i l .  
Hence, t h e  terminology o f  c a v i t y  has  been used f o r  t h i s  s u r f a c e  s i n g u l a r i t y  
d i s t r i b u t i o n .  For reasons  d i scussed  p r e  i o u s l y  t h e  Brown and !lichael reprcsen-  
t a t i o n  of  t h e  primary s e p a r a t i o n  was considered adequate f o r  p resen t  purposes.  
Inc lus ion  of  t h e  secondary s e p a r a t i o n  i n  t h e  flow model r e q u i r e s  t h e  
development o f  a d d i t i o n a l  boundary cond i t ions  t o  make t h e  problem determinate .  
Since t h e  condition o f  flow tangency a t  t h e  wing s u r f a c e  must be abandoned i n  
the  c a v i t y  reg ion ,  one o f  t h e  o t h e r  flow q u a n t i t i e s  must he p resc r ibed  on 
t?le c a v i t y .  In t h e  hydrofo i l  case ,  Reference 15,  t h e  p r e s s u r e  i s  s p e c i f i e d  
a s  cons tan t  a long t h e  c a v i t y ,  but  t n i s  i s  no t  a p p r o p r i a t e  f o r  aerodynamic 
problems. The r e q u i r e d  c o n s t r a i n t  f o r  t h e  p r e s e n t  flow model was deduced 
from i n s p e c t i o n  o f  s u r f a c e  f low p a t t e r n s ,  p r i m a r i l y  those  sho\m i n  Reference 
9. Inspec t ion  o f  t h e s e  photos shows t h a t  i n  t h e  secondary s e p a r a t i o n  reg ion  
t h e  s u r f a c e  s t r e a m l i n e s  a r e  con ica l  r a y s  emanating from t h e  wing apex and 
t h i s  was t h e  cond i t ion  used, be ing  equ iva len t  t o  making t h e  t r a n s v e r s e  v e l o c i t y  
p a r a l l e l  t o  t h e  wing i n  che c r o s s  flow p lane  equal  tou,r/s. Since t h e  wing 
s u r f a c e  i n  t h e  cross-flow p lane  a l s o  has  a t r a n s v e r s e  v e l o c i t y  of %CIS, t h i s  
cond i t ion  impl ies  t h a t  i n  t h e  c a v i t y  reg ion  o f  t h e  cross-f low p lane  t h e r e  
i s  no r e l a t i v e  t r a n s v e r s e  v e l o c i t y  between t h e  flow and t h e  wing. Then, 
according t o  t h e  d e f i n i t i o n s  of s e p a r a t i o n  i n  three-dimensional  flow given 
by Maskell i n  Reference 16, t h e  inboard edge of t h e  c a v i t y  i s  au tomat ica l ly  
a s e p a r a t i o n  l i n e ,  In  t o t a l ,  t hen ,  t h e  con ica l  s t r e a m l i n e  requirement i n  
t h e  c a v i t y  reg ion  appears t o  b e  c o n s i s t e n t  wi th  a l l  o f  t h e  phys ica l  r e q u i r e -  
ments f o r  modeling t h e  secondary s e p a r a t i o n  reg ion ,  
One a d d i t i o n a l  c o n s t r a i n t  i s  r e q u i r e d  t o  make t h e  problem &terminate .  
The cond i t ion  s e l e c t e d  was t h a t  o f  c a v i t y  c l o s u r e .  To t h e  i n v i s c i d  flow 
o u t s i d e  t h e  c a v i t y ,  t h e  c a v i t y  appears  a s  a l o c a l  th icken ing  o f  t h e  wing. The 
c a v i t y  c l o s u r e  cond i t ion  is  then t h e  requirement t h a t  t h e  c a v i t y  has  no 
th ickness  a t  i t s  edges, implying t h a t  t h e  f low t h a t  leaves t h e  wing s u r f a c e  
a t  t h e  inboard edge of t h e  c a v i t v  r e a t t a c h e s  t o  t h e  wing a t  t h e  l ead ing  edge 
b e f o r e  d e p a r t i n g  from t h e  wing s u r f a c e  and becoming e n t r a i n e d  i n  t h e  primary 
s e p a r a t i o n  flow p a t t e r n .  
The r e s u l t i n g  cross-f low model and a p p l i c a b l e  bounds-.  ;laiue. pn t h e  
v e l o c i t y  p o t e n t i a l  a r e  shown i n  Figure  4 .  The s u b s c r i p t  n o t a t  { i b r r  h a s  b r , , . ~  
used t o  i n d i c a t e  p a r t i a l  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  t h e  a p p r o p r i a t e  v a r i -  
a b l e .  The concentra ted  v o r t i c e s  ar t  l o c a t e d  a t  a; a n d - C  -ind art? connected 
t o  t h e i r  r e s p e c t i v e  l ead ing  edges by a c u t  i n  t h e  cross-f low p o t c n t i n l .  The 
cu t  then  r e p r e s e n t s  a p l a n a r  vor tex  s h e e t  i n  t h e  three-dimensional  flow with  
t h e  axis of  t h e  v o r t i c i t j  v e c t o r  i n  t h e  cross-f low p lane .  In  t h i s  f a sh ion  t h e  
c u t s  s e r v e  a s  t h e  feed ing  s h e e t s  f o r  t h e  concen t ra ted  v o r t i c e s .  The c a v i t v  
extends  between A, and h . 
This  boundary value  problem i s  most e a s i l y  handled by us ing  conformal 
t r ans fo rmat ions .  The trsii;formation chosen was 
The branches o f  t h c  square  r o o t  a r e  chosen such t h a t  t h e  upper wing s u r f a c e  i s  
mapped i n t o  a l i n e  segment along t h e  p o s i t i v e  imaginary a x i s  and t h e  lower 
wing s u r f a c e  i s  mapped i n t o  a l i n e  segment a long t h e  nega t ive  imaginary axis.  
The flow i n  t h e  z plane is shown i n  Figure  5. Any a n a l y t i c  func t ion  wi th  t h e  
proper  symmetry i n  t h i s  p lane  a u t o m a t i c a l l y  s a t i s f i e s  t h e  c o n d i t i o r ~  o f  no 
flow through t h e  wing. The c a v i t y  is  represen ted  by a source  d i s t r i b u t i o n  
i n  t h i s  p lane  t h a t  extends  between t h e  o r i g i n  and i c .  The v o r t i c e s  a r e  
mapped t o  Z, and - i ,  . The a p p r o p r i a t e  complex p o t e n t i a l  i s  then  given hy 
Whereas t h e  f i r s t  term g i v e s  t h e  flow about t h e  wing without any a d d i t i o n a l  
s i n g u l a r i t i e s  i n  t h e  flow f i e l d ,  t h e  second term g i v e s  t h e  flow due t o  a 
d i s t r i b u t i o n  o f  sourccs  of  l o c a l  s t r e n g t h  $ (n , )  along t h e  c a v i t y ,  and t h e  
l a s t  te rm g i v e s  t h e  flow due t o  t h e  concen t ra ted  v o r t i c e s .  'The source  
s t r e n g t h  is  given by t h e  requirement f o r  con ica l  s t r e a m l i n e s  i n  t h e  c a v i t y  
a rea .  In terms of t h e  v e l o c i t y  p o t e n t i a l  t h i s  is 
& U t i l i z i n g  t h e  r e l a t i o n  t h a t  fit:* a R.P. -and Equation 6,  t h e  fo l lowing 
i n t e g r a l  equat ion x s u l t s  f o r  f rn)  . do- 
The inversion of t h i s  equation can I)e obtained from Rcfcrcncc 17 o r  18 ns 
The solut ion t o  Equation 8 i s  not unique i n  t h a t  a term of the form coust/.J?7= 
may be added t o  f(n) and s t i l l  s a t i s f y  tllc equation. This term, howcvcr, \m:llcl 
introducc undesired s ingular  I)eh.?vior a t  the  edges of t hc  c i r v i t ~  and thcrcforc  
has been discarded. 
The le?cting edge Kutta condition o r  requirement f o r  smooth outflow a t  tlic 
wing e&zs i s  
which implies t h a t  
O f  
In t hc  l i m i t  c d o  t h i s  condition rcducos t o  the  Kutta condition f o r  the Brown 
and t4icllael flow model. 
For conical flow thc  outer  boundary of the cavi ty should he expres s i l~ l c  
as 
Then the  requirement t h a t  t he  outer  edge of the cavi ty i s  a stream surface i s  
t h a t  
Using the  conical flow assumptio~ls t h i s  may be expressed as 
Then the  requirement f o r  cavi ty c'. aure i s  T = 0 a t  c = 0 
In the  l i m i t  C - 0 t h i s  equation becomes an ident i ty .  
The force balance on the  concentrated vortex and feeding sheet (cut in  
complex po ten t i a l )  i s  given by 
where d*;; i s  d'~evaluated a t  5 l e s s  the  s ingular  contr ibut ion from the vortex 
loca te?% P, FFO~ the conical flow f and 0 7  sca le  with h and Equation 13 becomes 
where 
In the  i i m i t  c -Oth is  equation reduces t o  t he  corresyondiny, force balance f o r  
the Brown and Michael flow model. 
Equations 11, 12, and 14 then provide su f f i c i en t  conditions t o  determine 
the unknown parameters c, f , and- . This  system of  equations must be solved 
numerically. The d e t a i l s  of  how t h i s  was accomplished a r e  given i n  Appendix B. 
Results and Conclusions 
The system of equations f o r  t he  unknown parameter C, f and r i s  non- 
l i nea r  and hence the  number of roots  i s  unknown. I t  may be seen by inspect ion 
of the  equations t h a t  Equations 11 and 14 reduce t o  t he  corresponding s y s t ! ~ ~  
of equation f o r  the  Brown and Michael cross-flow model i n  the  l i m i t c - 0 .  
Also, Equation 12 becomes an i d e n t i t y  i n  t h i s  l i m i t .  Therefore, t he  Brown 
and Michael values f o r  t he  vortex parameters and C = 0 w i l l  s a t i s f y  the system 
of equations. This is  not  t h e  desired so lu t ion  and w i l l  not  be discussed 
fur ther .  
The only solut ions with nonzero c t h a t  have been found a re  shown in  
Figures 6, 7, 8, and 9. These roots  have physical s ignif icance only below 
- 
e = 0.206 and hence the  f igures  s r e  r e s t r i c t e d  t o  t h i s  range. As seen i n  
Figure 6, above Z = 0.206, c becomes negative which implies t h a t  the  cavi ty  
s h i f t s  t o  the wing lower surface. This c l e a r l y  contradicts  experimental 
observations. Furthermore, i n  t he  range of if where c i s  pos i t ive ,  c i s  
very small and the corresponsing vqrtex parameters a r e  within one ha l f  of 
one percent of the corresponding Brown and Michael values. (Therefore these  
values have not been included i n  the  f igures . )  Wing stirface pressure d i s t r i -  
butions f o r  2 = 0.1 (near t he  maxi mum cavi+,y width) a r e  shown i n  Figure 10 
f o r  t k  Brown and llichael cross-;low model and Figure 11 f o r  the  cavi ty 
cross-flow model. Although the  cavi ty  does not s ign i f i can t ly  change the  
vortex pos i t ion  o r  s t rength ,  the upper surface suct ion peak i s  s l i g h t l y  
reduced, producing a s l i g h t l y  lower normal force  coe f f i c i en t  . A1tho1:gh these 
changes a re  i n  t he  r i g h t  d i rec t ion ,  t he  magnitude i s  inconsequential  and 
therefore t h i s  spec i f ic  cavi ty cross-flow model has l i t t l e  appl ica t ion  t o  the  
slender wing problem. 
The f a i l u r e  of t h i s  flow model must he d ~ i e  t o  o i t h e r  the  conical 
streamline condition imposed upon the  ca \ / i t j  o r  t he  c w i t y  closure condition. 
In t he  present flow model it was assumed tLat  t he  cavi ty closed a t  the  wing 
leading edge. I t  i s  possible  t h a t  t he  cavi ty  may close inboard of  the  
leading edge (some argument may be made f o r  t h i s  assumption by inspection 
of  surface flow s tud ie s  of Reference 13) o r  may not c lose a t  a l l .  The present 
experimental observations a r e  i n su f f i c i en t  t o  answer t h i s  question con- 
c l u s i - ~ e l y .  
A flow model i n  which it i s  assumed t h a t  t he  cavi ty  c loses  inboard of 
t he  leading edge contains an addi t iona l  unknown Farameter, namely the  locat ion 
o f  t he  outboard edge of the  cavi ty.  I t  appears t h z t  such a model could be 
made determinate by el iminat ing the  s ingular  behavior a t  t he  outboard cavi ty 
edge, but t h i s  flow model has not been invest igated i n  d e t a i l .  
An a l t e r n a t i v e  condition t o  replace the  conical streamline condition on 
the  cavi ty might be deduced from t h a t  used i n  Reference 15. The cavi ty  
cross-flow model used i n  Reference 15 f o r  the  cav i t a t i ng  low-aspect-ratio 
hydrofoil  problea evident ly produces r e a l i s t i c  r e s u l t s  f o r  t h a t  problem. In 
t h a t  analysis  a constant pressure boundary condition is  imposed on the  cavi ty.  
The s p e c i f i c  form used was t h a t  t h e  spanwise ve loc i ty  component on the  cavi ty 
was a constant,  which i s  tantamount t o  assuming t h a t  t he  v o r t i c i t y  i n  t h e  
cavi ty  i s  constant.  This i n t e rp re t a t ion  of the boundary condition used might 
be p laus ib le  f o r  an aerodynamic problem. I t  i s  d i f f i c u l t  t o  assess  before- 
hand how t h i s  would a f f e c t  t h e  so lu t ion  f o r  the  model present ly  used. However, 
t he  flow model used i n  Reference 15 r e s u l t s  i n  s i n g u l a r i t i e s  a t  both edges of 
t he  cavity.  The leading edge s ingu la r i t y  may be removed by adding t h e  primary 
vortex t o  the flow model, but it  i s  not immediately evident how the  s ingu la r i t y  
at the  inboard edge of the  cavi ty may be removed. 
There a r e  then several  p laus ib le  modifications t o  the  present flow model 
t h a t  might be considered but esser l t ia l ly  on a t r i a l  and e r r o r  bas i s .  However, 
t he re  appears t o  be a more systematic way t o  address t h e  problem. Thus f a r  
t he  relevant  t heo r i e s  have been using po ten t i a l  flow i n  an attempt t o  model 
a flow i n  which v i scos i ty  plays an important ro le .  (The primary and secondary 
separat ion a r e  d i r e c t l y  a t t r i b u t a b l e  t o  t he  presence o f  v i scos i ty . )  Any 
poten t ia l  flow model which attempts t o  model these fea tures  i s  inherent ly 
indetermmate. The attempts t o  resolve these  indeterminacies have been t o  
deduce the  proper boundary conditions by studying experimental observation 
i n  which v i scos i ty  i s  inherent .  Thus f a r ,  however, t h e  proper boundary 
conditions have not been completely ident i f ied .  Moreover it appears t h a t  a 
the  sures t  way t o  s ign i f i can t  progress on soll . ing these problems would be t o  
consider a flow model i n  which t h e  viscous terms a r e  present i n  t he  equations 
3f motion thus el iminat ing the  need for  adG:tional boundary conditions.  
VI. SECOND ORDER THEORY FOR CAVITY FLON HODEL 
The previously described cavi ty flow model has been formally incorporated 
i n t o  the  second order  theory developed i n  Reference 6 .  Recall t h a t  
where 
and 4 ,  i s  given by Equation 6, i s  given by Equation 2,  and 4iD i s  given 
by Equation 3.  Now, us ing t h e  asymptotic matching p r i n c i p l e  and equat ing t h e  
o u t e r  expansion o f  Equation 16 t o  t h e  i n n e r  expansion of Equation 15 r e s u l t s  
i n  
and 
Now s;~;,, s a t i s f i e s  t h e  inhomogeneous p a r t i a l  d i f f e r e n t i a l  equat ion given by 
Equation 27 o f  Reference 6 and boundary cond i t ion  given by Equation 30 
the reof .  The method o f  s o l u t i o n  i s  a l s o  t h e  same as t h a t  of Reference 6. 
, i s  composed o f  a p a r t i c u l a r  p a r t  and a homogeneous p a r t  and may be  
expressed a s  
The unknown p o r t i o n  of t h e  second term o f  Equation 19 i s  determined by 
matching o f  i n n e r  and o u t e r  s o l u t i o n s  t o  be 
where 
The I, i n t e g r a l  must, i n  genera l ,  be evaluated numerical ly .  The c o e f f i c i e n t  
o f  t h e  logar i thmic  term i n  Equation 16, sat is f ies  LaPlacefs equat ion and 
may be expressed as  
The 4 func t ion  i s  again  determined by matching o f  i n n e r  and o u t e r  expansions 
t o  be 
To c a l c u l a t e  wing s u r f a c e  p r e s s u r e s  it i s  not necessary  t o  determine any 
more o f  t h e  higher  o rder  s o l u t i o n s  (see  Reference 6 ) .  The inner  s o l u t i o n  f o r  
t h e  s t r a i n i n g  i s ,  however, r equ i red  and t h i s  i s  t h e  same a s  t h a t  determined 
i n  Reference 6, i. e . ,  
where F vanislies on t h e  wing. 
In Reference 6 t h e  s u r f a c e  p r e s s u r e s  were c a l c u l a t e d  from t h e  v e l o c i t y  
p o t e n t i a l  by us ing an approximate s e r i e s  expansion form o f  t h e  i s e n t r o p i c  
p ressure -ve loc i ty  r e l a t i o n s h i p .  Th is  was found t o  give  spur ious  r e s u l t s  a t  
high Mach numbers where t h e  s e r i e s  expansion broke down. In t h e  p resen t  
work t h e  exact  express ion was used. Then on t h e  wing s u r f a c e  t h e  i s e n t r o p i c  
p ressure -ve loc i ty  r e l a t i o n s h i p  g ives  t h e  following express ion f o r  t h e  p r e s s u r e  
c o e f f i c i e n t  
where t h e  q u a n t i t i e s  i n  t h i s  express ion a r e  evalGated on t h e  wing s u r f a c e  and 
a r e  given by t h e  following express ions .  
On t h e  upper su r face  
,'t 
= ( 1  + z ~ ' H ,  + 2a2&a H+) P,, 
t 
and 
f o r  0 r Z 5 hc 
= 61 f o r  h , s  t 5 1 
t i s  t h e  f rac t ion  of ha l f  span. 
f o r  0 c- if -C A, 
f o r  lc  1 2 
where 
e,u -9, = rt ma, 
-! 7-7  . - - n- r 
= t a n  -a 7 2 c c t ~ 4 -  2 
On t h e  lower wing surface 
where 
for O s I <  I 
where 
Jc 7 FJ = & ? - I - -  + -  T, 
2 Z r  
6,' - OZL = -a - 2% 
7T 
(+ - tan -,- * . - z 4 & 2 < T  2 4- 
'I 
And a t  t = f on the upper surface for c # 0 
i r' 4, - 6 , - 2  + - I- 
i f,,= 
On the lower surface i f  c f 0 
I 6 
g,:, = (4' - 62' 1 + G, - - 2 
These expressions have been used to  calculate  the surface pressures for 
a case i n  the range where C f O  for the cavity cross-flow model. These 
resul ts  are shown i n  Figure 11. The limiting forms o f  the expressions when 
c going t o  zero were a l s o  used t o  c ~ l c u l a t e  t h e  corresponding p r e s s u r e  d i s t r i -  
bu t ion  f o r  t h e  Brown and Michael flow model. These r e s u l t s  a r e  shown i n  
Figure 10. 
A comparison o f  t h e  two p r e s s u r e - v e l o c i t y  r c l n t i o n s l i i p s  i s  sliown i n  
Figure 12. I t  i s  seen t h a t  t h e  exact  i s e n t r o p i c  r e l a t i o n s h i p  i s  somewhat 
b e t t e r  than  t h e  approximate form; howcver, t h e  upper s u r f a c e  s u c t i o n  pcak 
i s  s t i l l  overpred ic ted .  The exact  express ion  proves  t o  have a l i m i t e d  range 
of a p p l i c a b i l i t y .  A t  s u f f i c i e n t l y  high Hach numbers and/or  angle  o f  a t t a c k  
t h e  theory  p r e d i c t s  s u r f a c e  v e l o c i t i e s  t h a t  exceed those  corresponding t o  
vacuum cond i t ions  (because t h e  primary v o r t e x  i s  t o o  c l o s e  t o  t h e  wing s u r f a c e ) .  
A comparison o f  t h e  l i f t  p r e d i c t e d  by t h e  two forms of  t h e  pressure-velocity 
r e l a t i o n s h i p  provides  a  b e t t e r  e s t ima te  of l i f t  i n  t h ,  r eg ions  where t h e  
c a l c u l a t i o n s  can be performed (Figure  1' 
VII . COhii2::,IONS 
A new flow model f o r  t h e  p r e d i c t i o n  o f  t h e  £'low about d e l t a  wings with 
leading-edge s e p a r a t i o n  was i n v e s t i g a t e d .  The flow modcl included a  
r e p r e s e n t a t i o n  o f  t h e  secondary s e p a r a t i o n  reg ion  t h a t  has I~cen  experimentally 
observed on such wings. Secondary s e p a r a t i o n  was modeled a s  n c a v i t y .  The 
r e s u l t i n g  s o l u t i o n  f o r  t h e  flow model proves  t o  Iiavc on ly  a very l i m i t c d  rangc 
(near  zero angle  o f  a t t a c k )  o f  phys ica l  s i g n i f i c a n c e .  Thus, these  r e s u l t s  
c a s t  susp ic ion  upon t h e  boundary cond i t ions  t h a t  were used t o  make t h e  model 
determinate .  These boundary cond i t ions  c o n s i s t e d  o f  a  c a v i t y  c l o s u r e  cond i t ion  
and a requirement f o r  con ica l  s t r e a m l i n e s  i n  t h e  c a v i t y  region.  Thcse assump- 
t i o n s  a r e  p l a u s i b l e ,  based upon t h e  a v a i l a b l e  exper imenta l  evidence,  but 
e v i d e n t l y  one 9r both  a r e  i n c o r r e c t .  I t  appears  t h a t  t h e  c o r r e c t  choice  of 
boundary cond i t ions  can he developed on ly  by cons ide r ing  a flow ~ w e l  t h a t  
r e t a i n s  v i scous  terms i n  t h e  equa t ions  o f  motion. 
Appendix A 
As mentisned i n  Sec t ion  V of  t h i s  r e p o r t  a  flow model was investi l :atet l  
i n  which t h e  primary s e p a r a t i o n  was modeled by a s u r f a c e  s i g n u l a r i t y  clistri- 
but ion.  
The a p p r o p r i a t e  complex v e l o c i t y  p o t e n t i a l  i s  
The con ica l  s t r eaml ine  requirement on t h e  c a v i t y  1;ivcs 
With t h i s  flow model t h e r e  must be  n s i n g u l a r i t y  a t  e i t h e r  o r  both cdgcxs of  
t h e  c a v i t y  depending on t h e  s p e c i f i c a t i o n  o f  L . The choice  k. = $ [ ? + & )  
meets a Kutta cond i t ion  a t  t h e  leading edge and produces a q u a r t e r  roof! 
s i n g u l a r i t y  a t  A c .  The r e s u l t i n g  slender-wing normal fo rce  i s  then given 
I t  is  seen from t h i s  express ion  t h a t  t h e  c a v i t y  produces i i  non- l inea r  c o n t r i -  
bu t ion  t o  t h e  l i f t  which i s  oppos i t e  i n  s i g n  o f  t h a t  o f  experimental  
observat ion.  
The choice  Ass 0 produces no s i n g u l a r i t y  a t  A c ,  however r e s u l t s  i n  a 
t h r e e - q u a r t e r  r o o t  s i n g u l a r i t y  a t  t h e  leading edge. (The phys ica l  i n t c r p r e -  
t a t i o n  o f  t h i s  l ead ing  edge s i n g u l a r i t y  is  ques t ionab le . )  The corresponding 
slender-wing normal f o r c e  c o e f f i c i e n t  i s  given by 
I t  is  p o s s i b l e  f o r  t h e  non l inea r  c o n t r i b u t i o n  t o  be of  t h e  p roper  s i g n ,  and 
hence f u r t h e r  a n a l y s i s  was conducted. 
In t h e s e  flow models C i s  determined by the requirement f o r  c a v i t y  c losure .  
Mathematically t h i s  i s  
dl, = o 
P R m I N G  PAGE BLANK NOT FILMm 
Tlds  equat ion only  has s o l u t i o n s  f o r  5, 23 .3  This  l a r g e  an i va lue  is  wel l  out  
o f  t h e  ranges  o f  p r a c t i c a l  value .  
Hence it was concluded t h a t  c r o s s  f low models of  t h i s  type  were of no 
use f o r  t h e  s l e n d e r  wing problem. 
Appendix B 
NUMERICAL SOLUTION O F  T I E  CROSS-I'LOIJ EQIIATIOXS 
The system of equations t o  be  solved f o r  the unknown pnrunctcrs C, f ,  a; 
i s  composed of  Equation 11, 12, and 14. The 1)nsic method employed was a 
Newton-Raphson i t e r a t i o n  scheme, F i r s t ,  the  cquations a r c  normalized 11). 
dividing a l l  lengths by h and by l e t t i n g  I S  f / h .  Then .J i s  clciminatctl from 
the  system by using Equation 11, viz.  
and the following f w c t  ions ac dcfincd. 
and 
From Equation 7 
and 
The values o f and c which simultaneously zero the Fj functions a r e  then the 
desired so lu t ion  t o  the  problem. The Newton procedure i s  out l ined below. 
An i n i t i a l  guess a t  t he  so lu t ion  a t  a se lec ted  value i s  made, say, ;t; (1) 
and c(fJ , Further l e t  X ,  = R.E x,,,, Xy r L R W d  &,a C , Then it i s  assumed 
that i f  these guesses a r e  c lose  t o  the so lu t ion  tha t  
J 
i n g  then  t h e  incrcmcnts i n  t h e  v a r i a b l e s  t o  rench t h e  s o l u t i o n  :ire founcl by  so lv  
t h e  l i n e a r  system of  cquat ions .  
where 
A l l  t h e  p a r t i a l  d e r i v a t i v e s  a r e  eva lua ted  a t  X ' ( f ) .  There a r e  s i m i l a r  
express ions  f o r  4% and&,. The next guess  a t  t h e  s o l u t i o n  i s  t h p ; ~  
( ) + This  p rocess  i s  then  repea ted  u n t i l  a!i IF ; (n]  c 10". 
The p a r t i a l  d e r i v a t i v e s  o f  t h e  F,' were computed us ing t h e  f i n i t e  d i f f e r e n c e  
approximation. The i n i t i a l  d i f f e r e n c e  was chosen a s  .01X;. The d i f f e r e n c e  
f o r  t h e  success ive  s t e p s  where chosen a s  t h e  dXi(7- 1 )  a t  each s t e p .  
Th i s  scheme was p rogramed  f o r  t h e  Calspan!lBY 370 computing machine. 
The r e s u l t i n g  s o l u t i o n s  f o r  non-zero c and vor tex  p o s i t i o n s  a r e  shown i n  
Figures 6,  7,  8, and 9. 
I n i t i a l l y  t h e  system was used wi th  F t 3  a s  g iven by Equation B5. T h i s  
system of equa t ions  (with t h e  method o f  s o l u t i o n  used) would only convwge t o  
so lu t ions  f o r  which C . 0 .  Analysis of Equation B5 f o r  s m a l l c  then showed 
t h a t  F'3 vanished as c Z  f o r  sm,,ll c , hence F3 was formed and t h i s  system 
resu l ted  i n  the so lu t ions  shown. 
The e n t i r e  system of equations was analyzed f o r  s m a l l c  because i t  was 
i n t u i t i v e l y  thought t ha t  t he re  should be a so lu t ion  with c st,.all, a t  l ea s t  
i n  the lowerg  range. This ana lys is  showed some proper t ies  of t he  system of 
equations t h a t  were in t e re s t ing  i n  t h e i r  own r i g h t  and therefore  t h i z  ana lys is  
i s  out l ined below, 
Equations 11, 1 2 ,  and 14 were expanded f o r  small c . The r e s u l t s  are a s  
follows. The leading edge Kutta x n d i t i o n ,  Equation 11, becomes 
whet e 
The closure condition, Equation 12, becomes 
The force balance on t h e  primary vortex and feeding sheet ,  Equation 1 4 ,  
becomes 
where 
Now it i s  recognized t h a t  F,,, = O and = O a r e  r e s p e c t i v e l y  t h c  leatiin:: 
edge Kutta cond i t ion  and t h e  f o r c e  balance  on primary v o r t e x  and i t s  fccciirlg 
shee t  f o r  t h e  Brown and Michael c ross - f  low model. Hence, as  c 4 0 k q w t  i on 1% 1 i, 
vanishes  a s  cZ. This  e x p l a i n s  why t h e  o r i g i n a l  system of equnt ions  \ \o \ i id  ol;l: 
converge t o  s o l u t i o n s  with C =  0 . 
Furthermore C/Z may be f a c t o r e d  o u t  of  Equation B l O  r e s u l t i n g  i l l  
Then Equation B9, B 1 1  and 812 form t h e  approximate equat ion f o r  t h e  cross- f l , , : ,  
model f o r  smal l  c . 
Comparison o f  t h e  approximate c l o s u r e  cond i t ion ,  Equation B12 and t h e  
approximate Kutta condi t ion,  Equation B9 shows t h a t  t o  ze ro th  o r d e r  i n  
t h a t  t h e s e  cond i t ions  a r e  not  independent. Because o f  t h e  s p e c i a l  f o m  of  
Equations B9 and B12 they  may be conbined t o  g ive  
s o  t h a t  c may be e l imina ted  from t h e  system o f  equat ions .  Then Equation B9 
and B l l  c o n s t i t u t e  a s u f f i c i e n t  system t o  determine y and x , .  This  approximate 
system must a l s o  be solved :lumerically and t h i s  was done i n  a f a sh ion  s imilar  
t o  t h e  f u l l  equat ions .  The s o l u t i o n s  t o  t h e  ~ y a o x i m a t e  system were found t o  
have t h e  same general  behavior  as t h e  s o l u t i o n s  t o  t h e  f u l l  system and thus  
re in fo rced  t h e  r e s u l t s  p rev ious ly  given f o r  t h e  f u l l  system. 
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